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The mechanical s t r e n g t h  of a medium i s  formulated i n  terms 

of microscopic behavior i n  the continuuin. 80th deformation ana 

o r i e n t a t i o n  of the  microscopic elements are considered i n  t h e  

formulat ion.  It i s  shown t h a t  the r ep resen ta t ion  of the  compli- 

ca t ed  time-dependent macro-nodulus funct ions can be g r e a t l y  s i m -  

p l i f  i e d  through t h e  u s e  of micro-behavior. 

macroscopic f r a c t u r e  s t r e n g t h  i s  a l s o  obtained us ing  microscopic 

c o n s i d e r a t i m s .  The f r a c t u r e  s t r e n g t h  i s  found t o  be l i n e a r l y  

\' 

The time-dependent 

.- 

a. r e l a t e d  with logari thm of time f o r  l a r g e  loads ;  
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t h e  Nat ional  Aeronautics and Space Adminis t ra t ion.  . 
This  prel iminary manuscript w i l l  be presented as an i n v i t e d  
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INTRODUCTIOX Xi 9 Y&TEIEXATT.'ICAL >;03EL 

The macroscopic iiiectianical behavior of a material body i s  

com2licaced as i t  i s  int imaccly a f f e c t e d  by deformation and asso- 

c i a t e d  structural changes. 

these microscopic s t r u c t u r a l  cons idera t ions  i s  un l ike ly  t o  g ive  

kny i a v e s t l g a t i o n  without t ak ing  

bas i c  inr'ormation o r  clear understanding. This i s  p a r t i c u l a r l y  

t r u e  f o r  materials having pronourxed time-dependent p r o p e r t i e s .  

V i scoe la s t i c  behavior and u l t ima te  s t r e n g t h  are such p r o p e r t i e s  

Char cannot b e  accurately determined un le s s  deformation i s  con- 

s ide red .  

l y z i n g  t h e  macroscopic v i s c o e l a s t i c  behavior and t h e  time-dependent 

mechanical s t r e n g t h  of a medium as a consequence of deformation 

and o r i e n t a t i o n  02 microsco2ic elements i n  the  medium. 

The present  r e p o r t  a t tempts  t o  descr ibe  methods of ana- 

The mathemztical model which w i l l  be used f o r  a n a l y s i s  i s  a 

matrix of o r i e n t e d  elements embedded i n  an a r b i t r a r y  domain. 

whole system can be e i t h e r  suspension of i n d i v i d u a l  elements o r  

a network of elements connected by f l e x i b l e  j o i n t s  o r  both. 

pending upon t h e  n a t u r e  of the molecular c o n s t i t u t i o n s ,  t he  b a s i c  

The 

De- 

elements may be real o r  a b s t r a c t  molecular fo rces  l i n e a r  o r  non- 

l i n e a r  i n  t h e i r  load deformation c h a r a c t e r i s t i c s .  I n  t h e  v i c i n i t y  

02 a point,de'formation and o r i e n t a t i o n  of paral le l  elements i n  

t h e  micro-continuum may be represented  by motions of linear vec- 

t o r s .  

o r i e n t a t i o n  e f f e c t .  Considerat ions of deformations of i n d i v i d u a l  

For  s m a l l  deformations the complete matrix w i l l  have l i t t l e  - 

elemen *a w i l l  y i e l d  r e 2 r e s e n t a t i v e  information on t h e  macro-be- 

h v i o r  of t he  sys tem.  However, whcn deformations become appre-  



b c i a b l e ,  the o r i e n t a t i o n  of the mLc;o-eienents must be taken i n t o  

cons idera t ion  i f  significant information i s  t o  be obtained.  

IieferriRg t o  an a r b i t r a r y  re ference  frame , t he  deformation 

Denoting the i n s t a n t a -  of any eleiieilt can be e a s i l y  expressed. 

neous d i r e c t i o n  of an element by a u n i t  vec to r  

load t h e  deformation of the  elements can be expressed as c&&,,Sn 

where i s  the o r i g i n a l  length of t h e  element and & ~ n  i s  

t h e  s t r a i n  t enso r .  Xn genera l ,  t h e  components of are 

s; then under 

h n c t i o n s  of t i m e  t and space va r i ab le s .  For s m a l l  deformations 

t h e r e  i s  only n e g l i g i b l e  amount of Or ien ta t ion  and smS, can 

be regarded as independent o f  t i m e .  When deformation becomes sig- 

n i f i c a n t ,  o r i e n t a t i o n  of the  elements must be considered. This  

can be accomplished by in t roducing  a dens i ty  func t ion  of o r i en ta -  

t i o n  i n  terms of l a r g e  s t r a i n  & . As mentioned ea'rlier, 

depending upon the  n a t u r e  of  molecular c o n s t i t u t i o n  two extreme 

cases o r  t h e i r  combinations may be considered. Using or thogonal  

spnerical coord ina tes  ( r , & q  ) cons ider  the  case f o r  t h e  deforma- 

t i o n  of a u n i t  sphere with randomly o r i en ted  elements to a sphero id  

syinmetrical about i t s  a x i s ,  the dens i ty  of t h e  p r o b a b i l i t y  d i s -  

t r i b u t i o n  f u n c t i o n  of o r i e n t a t i o n  of t h e  elements i s  1 . 
ptc, = p o l  

[cos2e + ( / + ~ ) j l s i n ~ .  3 % 

is a constant  r ep resen t ing  random d i s t r i b u -  I 
where em = & i  
t i o n  dens i ty  func t ion .  However, if these  elements are connected 

C .  C. lisiao, J.  A p p l .  Phvs. 30, 1492 (1959) - - N  
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I 2 toge ther  by f i e x l j l e  j o i n t s ,  thcn 

I where d and E are r e l a t e d  i n  C h e  fol lowing form 

These d i s t r i b u t i o n  Lunctions a r e  obtained f o r  continuous systems. 

For d i s c r e t e  sys t ems ,  modif icat ions can  be e a s i l y  introduced . 
Therefore ,  i t  seems t h a t  f o r  any k ind  of media the  general  formu- 

l a t i o n  should a p p l y  equal ly  a s  we l l .  

XACROSCOPIC AXD HXCROSCOTIC i3EHAVTOR 

. I 3 
I 

I 

I n  order  t o  ob ta in  macroscopic information inco rpora t ing  

microscopic behavior,  consider  the stress t enso r  cj 
v i c i n i t y  of a po in t  where a t  l e a s t  an element is  a t tached .  

i n  the  

I f  

i s  t h e  number of elements p e r  u n i t  volume o r i en ted  i n  a re 
p a r t i c u l a r  d i r e c t i o n ,  f (  e,$.f-) t h e  f r a c t i o n  of unbroken ele- 

ments, a func t ion  of o r i e n t a t i o n  and t i m e  if 
i s  t h e  fo rce  exe r t ed  on eacn element of c ros s - sec t iona l  area A 
and l e n g t h  corresponding t o  a stress $b per  element, then 

t h e  t r a c t i o n  fo rce  cont r ibu t ion  by t h e s e  elements can be found 

as 

, and F =PA 

1 

F ( 0 . q  I XG P ( B . Q I ~ (  Q.Q.61 SL Sj . 
( 4 )  
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wnere Jco i s  tile so i i c :  angle .  Since 3~ A = / , there-  

fore consider ing a l l  t h e  possible  o r i e n t a t i o n s ,  t he  stress 

tensor  can be expresseii as f o l l o w s  

L3 (5) 
Xow l e t  us cons ide r  tile one-dinensional c o n s t i t u t i v e  equa- 

I n  g e n e m l  the stress i s  expres s ib l e  as a t i o n  of t h e  element. 

f u n c t i o n a l  of deformation h i s t o r y  s u b j e c t  t o  r e s t r i c t i o n s  imposed 

upon by theory of o b j e c t l v i c y .  Under 

s m a i i  f i n i t e  deformations & , 7 f '  can 
/z .e f - t  

s u i t a b l e  condi t ions ,  for 

be given as 

( 6 )  -&-&l-Do 

where 'tternei func t ions ,  E: ,,E , 3  E 
behavior  of t he  element material. Supposing t h a t  the  elements 

are i n i t i a l l y  undis turbed,  t he  stress components then can be put 

depend upon the  rnicro- 
I 

0 0 0  
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rg i s  a l s o  the macroscopic stress f i e l d  f o r  a homogeneous 

Eaterial body as the  average s t r e s s  f i e l d  i s  the same as t h a t  a t  

any poin t .  O n  :he basis 04 soiriewhat conparable f i n i t e  sinall 

defoixnztion cons i t ie rs t lons ,  the  sane s t r e s s  tensor  can also be 

represented  i n  t zms  of mzcrosco2i-c r e l a x a t i o n  modulus func t ions  

G-j 8 m n  , etc. as foliows 
r t 

For small s t r a i n s ,  s,s, w i l l  be independent of mole- 

c u l a r  o r i e n t a t i o n ,  and the  l inear macroscopic behavior can be re- 

l a t e d  t o  t h e  microscopic behivior  of elements i n  an o r i e n t e d  sys- 

2 t e m  i n  t h e  fol lowing manner: 

m n ~ d - ~ ~ € m n  (CCd z- =/p f s;sJ smsJE(*-r) zi?" WdrdL3 

0 

(9) 
:".i 0 w 

For t he  convenience of i l i u s c r a t i o n ,  i f  f is considered t o  

be Inde?znLeac a2  time, then  

El&) 
Gjma (6, 

ii-bdicating ti-inc a s i n g l e  func t ion  of a microscopic element 

can be r e l a t e d  t o  - 
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governs cke macroscopic tbc-dependent  behavior and t h e  v a r i a t i o n  

04 t h e  or iencacion of the  elements .  D i f f e r e n t i a t i n g  (9) w i t h  

r e s2ec t  to t i m e  , w e  obtain:  

Jw 
Refer r ing  t o  a s p h e r i c a l  coord ina te  system and l e t t i n g  t h e  

d i r e c t i o n  of  any r ep resen ta t ive  element be designated by t h e  

ang le s  6 and 4 i n  t he  usual  manner, then t h e  j o i n t  proba- 

b i l i t y  d i s t r i b u t i o n  func t ion  i s  
i r '  0.585,- 

ly:+in0d@d+ Tor 0 5 @  527T 
(11) 

and 

i s  represented  i n  (l), we f ind  

5i = ( sin eC~S@,Sr'neS;n@, C O S 8  ). For t he  case p ( 6 )  



. 

It i s  seen t h a t  f o r  t h i s  s i r n p l e  case  a i l  nacro- re laxa t ion  func- 

t i o n s  are possessing t h e  saqe funccional form as t h e  n lc ro- re laxa-  

t i o n  func t ion  E ( i )  . 
i n  ob ta in ing  v i s c o e l a s t i c  inforination for a n i s o t r o p i c  bodies i s  

The advantage of us ing  these  r e l a t i o n s h i p s  

ev ident .  

It should be pointed out  t h a t  J i s  i n  gene ra l  a time-de- 

pendent func t ion  which can 3e evaluzted from t h e  s ta t i s t ica l  

theory of t h e  abso lu te  r e a c t i o n  rate 1 

U 
- ( - -+yV)  i s  the ra te  of reformation of broken 

where K+@e m- u 
elements and 1-( szqe -(E-p v)  , t he  rate of rup tu r ing  of un- I 

I I 

broken elements. u i s  a c t i v a t i o n  energy, R i s  a u n i v e r s a l  

cons t an t ,  7- i s  abso lu te  temperature and (3 and y are posi-  

t i v e  cons t an t s .  Once the  func t iona l  form of f i s  determined, 

t h e  r e l a x a t i o n  modulus funct ions can then be properly modified. 

Furthermore, through t h e  c o r r e l a t i o n  of  t h e  v i s c o e l a s t i c  cons t i -  

t u t i v e  equat ions ,  i t  may a l s o  be poss ib l e  t o  deduce the creep 

f u n c t i o n s  of microscopic elements of t h e  medium as w e l l .  

TL:;V;E-DEi?EXDENT WCiiO-  AND XICRO-STRENGTH 

The tirrie-dependent f r a c t u r e  of any medium can be s tud ied  by 

s o l v i n g  (13), Srom which 

7 



r b  

0 * .  . 

f t 

0 

AccoriiLng to tAe ii'usoliitc reac t ion  ra te  theory,  t h e  e f f e c t  of 

stress or; e l z s c i c  d e f o r m t i o n  and viscous flow i s  capable of 

being r e l a t e d  t o  a coaprehensibie a c t i v a t i o n  process as a conse- 

quence of the  novenent of  rile whale o r  a segment of a molecule, 

~ i rom one equi l ibr ium s t&te  t o  the  next .  If (/ i s  the  o r i g i n a l  . . 
p o t e n t i a l  energy b a r r i e r  t o  be c rossed  between two equi l ibr ium 

s c a t e s ,  t h e  frequency with which such s t e p s  occur under t h e  in- 
, I  

-LL 
f luence  of the therinal a g i t a t i o n  w i l l  be p ropor t iona l  t o  e R-T 

I AfiLer a s t r e s s  I./' i s  a2pl ied  t o  t h e  sys tem,  - t h e  eilergy b a r r i e r  
I i n  t h e  d i r e c t i o n  of the a p p l i e d  u_- pP becomes modified to 

s t r e s s  to 

earlier, 0 and )-' are cons tan ts  depending upon t h e  modifica- 

t i o n  of :he energy 5arrier. 

f i e d  k i n e t i c  process becoxe d i f f e r e n t  exponent ia l  func t ions  of 

RT 
I i n  Lhe oppos i te  sense where, as s t a t e d  #+YY 

\ 
A s  a r e s u l t  both t h e  rates of modi- 

a large v a l u e  of stress vc& , K, w i l l  be very much smaller 

compared w i t h  Kb . 
duced t o  

To a f i r s t  approximation, (14) may be re- 
U 

-'E- 

(15) 

Xt i s  g e n e r d l y  recognized t h a t  the  molecular o r i e n t a t i o n  
4 processes  will t d c e  p lace before the  incept ion '  of f r a c t u r e  . 

C. C,. Asia0 an6 J. A .  Sauer. J .  i-js. Phys 2, 1071 (1950). 4 
-L  
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. - -  . Assumin;: t h a t  a l i  che elernerits WLL, D e  f u l l y  oricnteci before  

f r a c t u r e ,  then 6 ) s  / and izhe scress func t ion  7 c / ( f )  i n  each 

element w i l l  be given as  
i 

LLLe -g[fe 0 V ( = q  
y(f'  ==EfL(grTe 

$3 (16) 

Furthermore, 

s ide red  as ci continuous and a d t i - d i f f e r e n t i a b l e  func t ion  of time,' 

(J is a ma te r i a i  cons tan t  and y(t) may be con- 

(0) 4 &)* +& lp%)#+-**** 
&]e -kiY+[p mg& dr I 1  we may w r i t e ,  us ing  (15) and (v) 

(17) 
y(b =&ai3 

where &fi i s  t i m e  t o  f r a c t u r e  f o r  a cons tan t  stress G. 
It seems q u i t e  reasonable,  a t  t h i s  s t a g e ,  t o  assume t h a t  t h e  

f r a c t u r e  s t r e n g t h  i s  assoc ia ted  with a l i m i t i n g  value 

wnich every element o r i e n t e d  in tne d i r e c t i o n  of  app l i ed  stress 

w i l l  break. Then 

?,bm beyond 

(18) 
Again f o r  s i m p l i c i t y  by dropping h igher  order  terms the  f i r s t  two 

terms are taken i n  eva lua t ing  t h e  i n t e g r a l ,  we ob ta in  

9 
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* #  From (17) i c  i s  e z s i l y  szen t h a t  ~ ( O ] = ~ ~ ~  Subs t i -  

t u t i n g  iil (29) and ap2roximate t h e  l a s t  terms, we have 

(20) can be ap2roxiaated t o  show a l i z e a r  r e l a t i o n  between t h e  

f r a c t u r e  stress KO-, and logaritiim o f  t i m e  tm , 

Fig. 1 shows scheinazically the  v a r i a t i o n  of t h e  f r a c t u r e  

s t r e n g t h  as a func t ion  o f  logarithm of t i m e  represented  by (20) 

T h i s  t h e o r e t i c a l  ciii-ve ap2ears t o  f i t  very we l l  with var ious .  

f i nd ings  . I n  addition, f o r  r e l a t i v e l y  l a r g e  app l i ed  stresses 

(21) g ives  t h e  approximate r e l a t i o n s h i p  which agrees  f a i r l y  w e l l  

5 -  

b wi th  a v a i l a b l e  experimental  data  . 
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